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a b s t r a c t
For a viscoelastic problem we consider a kernel satisfying the standard condition (the
derivative of the kernel is smaller than or equal to a negative constant times the kernel
itself) yielding exponential decay of the solutions. We perturb this relaxation function
in such a manner that the standard condition is no longer satisfied (for any constant).
It is proved that we still have exponential decay in the case where the L1-norm of the
perturbation is small enough.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
We shall consider the following wave equation with a viscoelastic damping term
utt = ∆u−
∫ t
0
h(t − s)∆u(s)ds, inΩ × R+
u = 0, on Γ × R+
u(x, 0) = u0(x), ut(x, 0) = u1(x), inΩ
(1)
whereΩ is a bounded domain inRn with smooth boundaryΓ = ∂Ω . The functions u0(x) and u1(x) are given initial data and
the (nonnegative) kernel h(t)will be specified later on. The equation in (1) describes the equation of motion of a viscoelastic
body with fading memory (see [1]). The memory term, represented by the convolution term in the equation, expresses the
fact that the stress at any instant t depends on the past history of strains which the material has undergone from time 0 up
to t.
Global existence and uniform decay of solutions have been discussed for similar problems by different authors
(see [2–13] and references therein, to cite but a few). In most of the previous papers the standard condition for exponential
decay of solutions: h′(t) ≤ −ξh(t), for all t ≥ 0 and some ξ > 0 is assumed. Recently, the constant ξ has been replaced by
a function of time ξ(t) [8] (see also [3]). This has allowed the authors to derive decay results of types other than exponential
or polynomial. For kernels satisfying h′(t) ≤ 0, some work has been done assuming the condition eαth(t) ∈ L1(0,∞) for
some α > 0. This last condition was shown to be necessary for exponential decay (see [4]). Exponential decay has been
established in the case of small kernels (with small L1-norm) in [11] and in the case of ‘‘small flat zones’’ in [10,13]. For
further reading on related works we refer the reader to [14–16,1,17].
In this paper, we would like to investigate the case where the kernel satisfies
h′(t) ≤ −γ h(t)+ ξ(t)
for some function ξ(t). We may assume, without loss of generality, that ξ(t) is positive and we treat the case
0 < h′(t)+ γ h(t) ≤ ξ(t).
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Moreover, the case where this function ξ(t) is dominated by h(t) is not interesting. Indeed, if ξ(t) ≤ bh(t), t ≥ 0 for some
positive constant b < γ , then
h′(t) ≤ −γ h(t)+ ξ(t) ≤ −(γ − b)h(t), t ≥ 0.
That is we obtain the standard assumption found in the literature. Therefore, we consider the casewhere there is no positive
constant C such that h′(t) ≤ −Ch(t). It is of great importance to have an idea on how large ξ(t) is allowed to be while
preserving the exponential decay of the energy. The presence of the perturbation ξ(t) has led us to come up with a new
argument to deal with it. Our result improves the one in [7]. The conditions here are weaker.
The well posedness can be proved using the Faedo Galerkin method (see for instance [2]).
Theorem. Let (u0, u1) ∈ H2(Ω) ∩ H10 (Ω) × H10 (Ω) and h(t) be a nonnegative summable kernel. Then there exists a unique
(regular) solution u to problem (1) such that
u ∈ L∞loc(0,∞;H2(Ω) ∩ H10 (Ω)), ut ∈ L∞loc(0,∞;H10 (Ω)), utt ∈ L∞loc

0,∞; L2(Ω) .
If (u0, u1) ∈ H10 (Ω)× L2(Ω), then there exists a unique (weak) solution u satisfying
u ∈ C [0,∞);H10 (Ω) ∩ C1 [0,∞); L2(Ω) .
2. Preliminaries
We define the (classical) energy by E(t) = 12
‖ut‖22 + ‖∇u‖22 where ‖.‖2 denotes the norm in L2(Ω). With the help of
the identity
2
∫
Ω
∇ut .
∫ t
0
h(t − s)∇u(s)dsdx =
∫
Ω
h′∇u(t)dx− h(t) ‖∇u‖22 −
d
dt
∫
Ω
h∇u(t)dx−
∫ t
0
h(s)ds

‖∇u‖22

where
hv(t) :=
∫ t
0
h(t − s) |v(t)− v(s)|2 ds
it appears that
E ′(t) = 1
2
∫
Ω

(h′∇u)− h(t) |∇u|2 dx (2)
for the modified energy
E(t) := 1
2
∫
Ω

|ut |2 +

1−
∫ t
0
h(s)ds

|∇u|2 + (h∇u)

dx.
Unlike in the existing papers h′(t) here is not always non-positive and therefore we cannot deduce the decreasingness of
E(t) at this stage. We assume that the kernel is such that 1 −  +∞0 h(s)ds =: 1 − κ > 0. Next, we define the standard
functionalsΦ1(t) :=

Ω
utudx and
Φ2(t) := −
∫
Ω
ut
∫ t
0
h(t − s) (u(t)− u(s)) dsdx.
The functional wewill use is L(t) := E(t)+λ1Φ1(t)+λ2Φ2(t) for some λ1, λ2 > 0 to be determined. Using the inequalities
Φ1(t) =
∫
Ω
utudx ≤ 12 ‖ut‖
2
2 +
Cp
2
‖∇u‖22
and
Φ2(t) ≤ 12 ‖ut‖
2
2 +
Cpκ
2
∫
Ω
(h∇u)dx
it is easy to see that L(t) and E(t) are equivalent. That is there exist ρi > 0, i = 1, 2 such that
ρ1E(t) ≤ L(t) ≤ ρ2E(t), t ≥ 0. (3)
3. Asymptotic behavior
In this section we state and prove our result.
Our assumptions on the kernel h(t) are the following:
(H1) h(t) ≥ 0 for all t ≥ 0 and 0 < κ =  +∞0 h(s)ds < 1;
(H2) 0 < h′(t)+ γ h(t) ≤ ξ(t) for almost all t > 0 where γ is a positive constant and ξ(t) is a positive function.
768 N.-e. Tatar / Applied Mathematics Letters 24 (2011) 766–770
Examples of kernels satisfying (H2) may be oscillating functions like functions of exponential type (e−γ t ) with ‘‘humps’’
(of Gaussian type, for instance) on some intervals. So the slopes can be positive (see comment in the introduction). It may be
noticed also from the comment in the introduction that although ξ(t)will be assumed to be of a small L1-norm the presence
of the term γ h(t) allows ξ(t) to take large values.
Let t∗ > 0 be a number such that
 t∗
0 h(s)ds = h∗ > 0. For simplicity, we consider kernels continuous everywhere and
differentiable a.e. We denote by ξ¯ the expression ξ¯ := ∞0 ξ(s)ds. To lighten the statement of our theorem we assume
(H3) ξ¯ is smaller than the positive roots of
(12λ2Cp)Z2 + (8h∗)Z − (1− κ)λ2h2∗ = 0,
(3λ2ρ2Cp)Z2 + (2h∗ρ2)Z − h∗ρ1C1(1− κ) = 0
for some λ2 and C1 to be determined (which will make these last two expressions negative).
Theorem 1. Assume that hypotheses (H1)–(H3) hold and
∞
0 e
βsξ(s)ds < ∞ for some β > 0. Then, the energy of (1) decays
to zero exponentially; that is, there exist positive constants C and b such that
E(t) ≤ Ce−bt , t ≥ 0.
Proof. A differentiation ofΦ1(t)with respect to t along trajectories of (1) gives
Φ ′1(t) := ‖ut‖22 −

1−
∫ t
0
h(s)ds

‖∇u‖22 +
∫
Ω
∇u.
∫ t
0
h(t − s) (∇u(s)−∇u(t)) dsdx
≤ ‖ut‖22 −

1− δ1 −
∫ t
0
h(s)ds

‖∇u‖22 +
1
4δ1
∫ t
0
h(s)ds
∫
Ω
(h∇u)dx (4)
where δ1 > 0. Taking δ1 = (1− κ)/4 in (4), we get for t ≥ 0
Φ ′1(t) ≤ ‖ut‖22 −
3(1− κ)
4
‖∇u‖22 +
κ
1− κ
∫
Ω
(h∇u)dx. (5)
ForΦ2(t)we have
Φ ′2(t) =

1−
∫ t
0
h(s)ds
∫
Ω
∇u.
∫ t
0
h(t − s) (∇u(t)−∇u(s)) dsdx
+
∫
Ω
∫ t
0
h(t − s) (∇u(t)−∇u(s)) ds
2 dx− ∫ t
0
h(s)ds

‖ut‖22
−
∫
Ω
ut
∫ t
0
h′(t − s) (u(t)− u(s)) dsdx.
Clearly, for δ2 > 0
Φ ′2(t) ≤ δ2 ‖∇u‖22 +
κ
4δ2

1−
∫ t
0
h(s)ds
2 ∫
Ω
(h∇u)dx+ κ
∫
Ω
(h∇u)dx
−
∫ t
0
h(s)ds

‖ut‖22 + γ
∫
Ω
ut
∫ t
0
h(t − s) (u(t)− u(s)) dsdx
−
∫
Ω
ut
∫ t
0

h′(t − s)+ γ h(t − s) (u(t)− u(s)) dsdx
and thereafter, for δ3, δ4 > 0
Φ ′2(t) ≤ δ2 ‖∇u‖22 +
κ
4δ2
∫
Ω
(h∇u)dx+

1+ γ Cp
4δ3

κ
∫
Ω
(h∇u)dx
−
∫ t
0
h(s)ds

‖ut‖22 + (γ δ3 + δ4) ‖ut‖22 +
Cp
4δ4
∫ t
0
ξ(s)ds
∫
Ω
(ξ∇u)dx.
That is, for any t ≥ t∗
Φ ′2(t) ≤ δ2 ‖∇u‖22 +

1
4δ2
+ 1+ γ Cp
4δ3

κ
∫
Ω
(h∇u)dx
+

γ δ3 + δ4 −
∫ t∗
0
h(s)ds

‖ut‖22 +
Cp
4δ4
∫ t
0
ξ(s)ds
∫
Ω
(ξ∇u)dx. (6)
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Choosing δ2 = h∗(1− κ)/24, δ3 = h∗/3γ and δ4 = h∗/3 in (6) where h∗ =
 t∗
0 h(s)ds, we obtain
Φ ′2(t) ≤
h∗(1− κ)
24
‖∇u‖22 +
[
1+ 6
h∗(1− κ) +
3γ 2Cp
4h∗
]
κ
∫
Ω
(h∇u)dx
− h∗
3
‖ut‖22 +
3Cp
4h∗
∫ ∞
0
ξ(s)ds
∫
Ω
(ξ∇u)dx. (7)
Taking into account the estimates (2), (5) and (7), we see that
L′(t) ≤ 1
2
∫
Ω
(h′∇u)dx+

λ1 − λ2h∗3

‖ut‖22
+ 1− κ
4

λ2h∗
6
− 3λ1

‖∇u‖22 +
3λ2Cp
4h∗
∫ t
0
ξ(s)ds
∫
Ω
(ξ∇u)dx
+

λ1κ
1− κ + λ2κ
[
1+ 6
h∗(1− κ) +
3γ 2Cp
4h∗
] ∫
Ω
(h∇u)dx (8)
and by assumption (H2) the relation (8) gives
L′(t) ≤

λ1 − λ2h∗3

‖ut‖22 +
1− κ
4

λ2h∗
6
− 3λ1

‖∇u‖22 +
1
2
[
1+ 3λ2Cp
2h∗
∫ t
0
ξ(s)ds
]
×
∫
Ω
(ξ∇u)dx+

λ1κ
1− κ + λ2κ
[
1+ 6
h∗(1− κ) +
3γ 2Cp
4h∗
]
− γ
2
∫
Ω
(h∇u)dx
or
L′(t) ≤

λ1 − λ2h∗3

‖ut‖22 +

1− κ
4

λ2h∗
6
− 3λ1

+
[
1+ 3λ2Cp
2h∗
∫ t
0
ξ(s)ds
]∫ t
0
ξ(s)ds

‖∇u‖22
+
[
1+ 3λ2Cp
2h∗
∫ t
0
ξ(s)ds
]∫ t
0
ξ(t − s) ‖∇u(s)‖22 ds
+

λ1κ
1− κ + λ2κ

1+ 6
h∗(1− κ) +
3γ 2Cp
4h∗

− γ
2
∫
Ω
(h∇u)dx. (9)
Take λ1 = λ2h∗/4, λ2 such that λ2 < h∗/3κCpγ and λ2κ

1 + 11−κ
 h∗
4 + 6h∗

<
γ
4 . In this manner the coefficients of the
first and last terms in the right hand side of (9) will be negative. Furthermore, if ξ¯ is smaller than the positive root of the
first polynomial in (H3) then
1− κ
4

λ2h∗
6
− 3
4
λ2h∗

+ ξ¯ + 3λ2Cp
2h∗
ξ¯ 2 < 0,
that is the coefficient of the second term in the right hand side of (9) is also negative. Therefore, there exists a constant
C1 > 0 such that
L′(t) ≤ −C1E(t)+

1+ 3λ2Cpξ¯
2h∗
∫ t
0
ξ(t − s) ‖∇u(s)‖22 ds
≤ −C1ρ−12 L(t)+

1+ 3λ2Cpξ¯
2h∗
∫ t
0
ξ(t − s) ‖∇u(s)‖22 ds
− C1ρ−12 L(t)+
2
ρ1(1− κ)

1+ 3λ2Cpξ¯
2h∗
∫ t
0
ξ(t − s)L(s)ds (10)
where ρ2 comes from (3). At this stage we put Lα(t) = eα(t−t∗)L(t), t ≥ t∗ for some α < min

β, C1ρ−12

. A differentiation
of this new expression together with (10) gives
L′α(t) = αeα(t−t∗)L(t)+ eα(t−t∗)L′(t) ≤ αeα(t−t∗)L(t)− C1ρ−12 eα(t−t∗)L(t)
+ 2e
α(t−t∗)
ρ1(1− κ)

1+ 3λ2Cpξ¯
2h∗
∫ t
0
ξ(t − s)L(s)ds
≤ −(C1ρ−12 − α)eα(t−t∗)L(t)+
2
ρ1(1− κ)

1+ 3λ2Cpξ¯
2h∗
∫ t
0
eα(t−s)ξ(t − s)Lα(s)ds
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≤ −(C1ρ−12 − α)Lα(t)+
2ξ¯α
ρ1(1− κ)

1+ 3λ2Cpξ¯
2h∗

sup
0≤s≤t
Lα(s)
where ξ¯α :=
∞
0 e
αzξ(z)dz. Therefore, for t ≥ t∗
e(C1ρ
−1
2 −α)(t−t∗)Lα(t)
′ ≤ 2ξ¯α
ρ1(1− κ)

1+ 3λ2Cpξ¯
2h∗

e(C1ρ
−1
2 −α)(t−t∗) sup
0≤s≤t
Lα(s)
and by integration
e(C1ρ
−1
2 −α)(t−t∗)Lα(t) ≤ Lα(t∗)+ 2ξ¯α
ρ1(1− κ)

1+ 3λ2Cpξ¯
2h∗
∫ t
t∗

e(C1ρ
−1
2 −α)(s−t∗) sup
0≤z≤s
Lα(z)

ds
≤ Lα(t∗)+ 2ξ¯α
ρ1(1− κ)

1+ 3λ2Cpξ¯
2h∗

sup
0≤z≤t
Lα(z)
e(C1ρ
−1
2 −α)(t−t∗)
C1ρ−12 − α
.
Hence
Lα(t) ≤ e−(C1ρ−12 −α)(t−t∗)Lα(t∗)+ 2
ρ1(1− κ)

1+ 3λ2Cpξ¯
2h∗

ξ¯α
C1ρ−12 − α
sup
0≤z≤t
Lα(z).
Consequently
1− 2
ρ1(1− κ)

1+ 3λ2Cpξ¯
2h∗

ξ¯α
C1ρ−12 − α

sup
0≤s≤t
Lα(s) ≤ Lα(t∗). (11)
If ξ¯ is further smaller than the positive root of the second polynomial in (H3), then by continuity
2ξ¯α

1+ 3λ2Cpξ¯
2h∗

< ρ1(1− κ)

C1ρ−12 − α

,
which means that the coefficient in the left hand side of (11) is positive for small values of α. Therefore there exists C2 > 0
such that L(t) ≤ C2Lα(t∗)e−α(t−t∗), t ≥ t∗. By (3) we can write E(t) ≤ ρ−11 C2Lα(t∗)e−α(t−t∗), t ≥ t∗. Finally, by continuity
and boundedness of the interval [0, t∗], we deduce that E(t) ≤ C3e−αt , t ≥ 0 for some positive constant C3. 
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